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SHARP BOUNDS FOR GENERALIZED ELLIPTIC INTEGRALS 

OF THE FIRST KIND 

MIAO-KUN WANG, YU-MING CHU, AND SONG-LIANG QIU 


Abstract. In this paper, we prove that the double inequality 


JC a (r) 


sin(7ra) log(e- R ( a )/ 2 /r / ) 


< 1 + f3r' A 


holds for all a E (0,1/2] and r E (0,1) if and only if a < Tr/[R(a) sin(7ra)] — 1 
and /3 > a(l — a), where r' = \/l — r 2 , 1C a (r) is the generalized elliptic integral 
of the first kind and R(x) is the Ramanujan constant function. Besides, as 
the key tool, the series expression for the Ramanujan constant function R(x) 
is given. 


1. Introduction 


For r S (0,1), Legendre’s complete elliptic integrals [1] of the first kind and the 
second kind are given by 

rn/2 dt 


1C = JC(r) = / — 

Jo f 


1 — r 2 sin 2 ( t) 


/.tt/2 ,- 

£ = £(r) = / Jl — r 2 sm 2 (t)dt, 

Jo v 

respectively. They are the particular cases of Gaussian hypergeometric function 

°° {a) n (b)n x n 


F(a, b; c; x) = ^ 


n —0 


(A 


(—1 < X < 1), 


where ( a) n = T(a + n)/r(a) and T(a;) = /“f 1 e f dt (x > 0) is the gamma 
function. Indeed, we have 


/C(r) = —F 


1 1 
2 ’ 2 ’ 


;l;r 2 ) , £(r) = ^F ( ;r : 


It is well known that the complete elliptic integrals and Gaussian lrypergeometric 
function have important applications in quasiconformal mappings, number theory, 
and other fields of the mathematical and mathematical physics. For instance, the 
Gaussian arithmetic-geometric mean A GM and the modulus of the plane Grotzsch 
ring can be expressed in terms of the complete elliptic integrals of the first kind, 
and the complete elliptic integrals of the second kind gives the formula of the 
perimeter of an ellipse. Moreover, Ramanujan modular equation and continued 
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fraction in number theory are both related to the Gaussian hypergeometric function 
F(a,b;c;x). For these, and the properties for the complete elliptic integrals and 
Gaussian hypergeometric function see [2, 3, 5, 6, 9, 11, 16, 19-21]. 

For r £ (0,1) and a £ (0,1), the generalized elliptic integrals (see [4, 10]) are 
defined by 

1C a = IC a {r) = ^F(a, 1 - a; l;r 2 ) (1.1) 

and 

£a = £a(r) = ^F(a-l,l-a\l\r 2 ). (1.2) 

Clearly tC a ( 0) = £ a (0) = 7t/2, /C a (l“) = oo and £ a (l) = [sin(7ra)]/[2(l — a)]. In the 
particular case a = 1/2, the generalized elliptic integrals reduce to the complete 
elliptic integrals. By symmetry of (1.1), we assume that a £ (0,1/2] in the sequence. 
The generalized elliptic integrals satisfy the following derivative formulas: 


dICa _ 2(1 — a) /c ^ d£ a 

7 _ ,2 7 

dr rr' dr 


51 ^ 

r 


£a), 


(1.3) 


^(K a -£ a ) = 2(1 f rga , ±(£ a -r' 2 K, a ) = 2arK, a . (1.4) 

dr r dr 

Here and in what follows we set r' = \J 1 — r 2 for r £ (0,1). 

In 2000, Anderson, Qiu, Vamanamurthy and Vuorinen [4] reintroduced the gen¬ 
eralized elliptic integrals in geometry function theory, found that the generalized 
elliptic integrals of the first kind /C a arises from the Schwarz-Christoffel trans¬ 
formation of the upper half-plane onto a parallelogram, and established several 
monotonicity theorems for the generalized elliptic integrals /C a and £ a . 

Recently, the generalized elliptic integrals have attracted the attention of many 
mathematicians. In particular, many remarkable properties and inequalities for the 
generalized elliptic integrals can be found in the literature [8, 12-14, 22]. 

Very recently, Takeuchi [18] discussed the generalized trigonometric function and 
found a new form of the generalized complete elliptic integrals. 

In [16], Qiu and Vamanamurthy proved that the inequality 


E(r) 

log(4/r / ) 


1 

< 1 + -r 
4 


/ 2 


holds for all r £ (0,1). 

Alzer [3] proved that the inequality 


1 + 



< 


>C( r ) 

log(4/r') 


(1.5) 


( 1 . 6 ) 


holds for all r £ (0,1). Moreover, Alzer also proved that the constant factors 1/4 
in (1.5) and 7r/(41og2) — 1 in (1.6) are best possible. 

The main purpose of this paper is to generalize inequalities (1.5) and (1.6) to 
/C a . Our main result is the following Theorem 1.1. 


Theorem 1.1. Let R(x) be the Ramanujan constant function defined by (2.1). 
Then the double inequality 


1 + ar 12 < 


IC a (r) 


sin(7ra) log(e i d a )/ 2 /r') 


< 1 + f3r L 


(1.7) 


holds for all a £ (0,1/2] and r £ (0,1) if and only if a < ao = 7r/[i?(a) sin(7ra)] — 1 
and /3 > flo = a(l — a). 
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2. Some properties for Ramanujan constant function R(x) 

For x £ (0,1/2], the Ramanujan constant function R(x) ([17]) is given by 

R(x) = -2 'y-^(x)-^(1-x), R (1/2) = 4 log 2 , ( 2 . 1 ) 

where 7 = lim , 1/k— logn) = 0.577215 • • • is the Euler-Mascheroni constant, 

n—> 00 

and 

OO 

tEda;) = r(a;) = [t x ~ 1 e~ t dt, x > 0. 

T(a:) J 

0 

It is well known that 4d n )(a:) (n > 0) has the series expansion as follows: 


(")(&) = 


OO 

1 X 

-7 -f 7, Tn —;—V n = 0 

x ^ kyk + x) 

00 .j 

(—l)" +1 n!£ - - , n > 1. 

v ^ (x + k) n+1 


The purpose of this section is to present the series expansion formula for R{x) (x £ 
(0,1/2]) (Theorem 2.2) and establish two important inequalities involving R(x) 
(Corollaries 2.4 and 2.5), which will be used in the proof of our main result. 

Lemma 2.1. The function £(x) = l/[x(l — a:)] — R(x) is strictly increasing from 
(0,1/2] onto (1,4 — 4 log 2]. 

Proof. Differentiating £ yields 

£'(*) = - 4 + ^ - *) 

x z (1 — x) z 

1 1 1 1 

x 2 (1 — x) 2 (k + x) 2 (k + 1 — x) 2 


(k + x) 2 ^ (k + 1 — x) 2 > ^ 

for x £ (0,1/2]. Moreover, £(1/2) = 4 — R( 1/2) = 4 — 41og2 and 

lim £{x) = lim (— H---h 4/(a;) + T(1 — x) + 2y] 

x-vo- 1 ^ 0 - \x 1 — x J 


= lim — 

x->0~ \ x 


1 1 


r^-7-- + £ 

1 — X X 


k(k + x) 1 — . 


OO 

E l — X 

_ k(k + 1 — x) 


/ OO OO ^ \ OO 1 

x^cp- ( ^ k(k + x ) ^ k(k + 1 — x) ) ^ k(k + 1) 

\ Ay—1 /c 1 / Ay—1 


Theorem 2.2. The Ramanujan constant function R(x) has the following series 


expansion: 


R(x) =- + 2C(3)x 2 + 2C(5)x 4 + • • • + 2C(2 k + l)x 2k + ■ 
x 
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1 oo 

= - + ^2C(2fc + l)i 


.2 k 


(2.3) 


fc=l 


where £(a;) = n x * s well-known Riemann zeta function. 

Proof. Let /(a:) = Then simple computations lead to 


/1 x 00 
lim f(a;) = lim x —(- -> 

a;~>0 rc—>0 \ X 1 — X z -—' 


-£■ 


1 — X 


X A~1 + 1 — x) 


= 1, (2.4) 


f'(x) =R(x) + xR'(x) = — *F(a;) — 4>(1 — x) — 27 + a; [—T'(a;) + — a;)] 

OO 

X v -\ 1 — X 


1 1 v^v 

=-h --/ 

x 1 — X ' 


-£■ 


-£ 

L k =0 

00 

-£ 


a — fc(/c + x) &(£; + 1 — x) 

i ~ i 


( k + x 


+£ 


2 ' (k + 1 — x ) 2 

fc =0 v 7 

2 00 


-£ 


1 — x 


+ £ 


1 — X fc(fc + x ) 2 j“ fc(fc + 1 — x) (fc + 1 — x ) 2 : 

lim /'(x) = 0 . 

tc—>0 


(2.5) 


For n > 2, it follows from (2.2) that 
i? (n) (x) = - 4'*- n) (x) - (-l) n T (n) (l - x) 

~ 1 


= -n!(-i) n+1 £ 

fe=0 

1 


(a; + fc ) ra+1 


-(-l)"n!(-l)" +1 £—I 


fc =0 


(1 - x + k) n+1 


=n! 


£ 

.k—0 


(1 - x + k) n+1 


+ (-l ) r 


(x + k) n+1 


Therefore, we get 

/ (n) ( x) =nR^ n ~ 1 \x) + xR^ n \x) 

~ “ 1 


= n! £ 


fc=0 


L(i-x + fc) 

50 

! £ 


+ (-i) 


n— 1 


(x + &) r 


n 

/c—0 

OO r 


+ (-ir 


= n! £ 


fc =0 


L (1 - x + k) n+1 v ’ (x + k) n+1 \ 
1 + k (-1 ) n - 1 fc 


(1 — X + fc )™ +1 (x + fc) n+1 J 


Furthermore, if n is even, then 


f [n \x) =ni]T 


1 + k 


h ^ o l (l-x + k) n+1 (x + fc) n+1 J 


=ni£ 


k —0 


1 + k 


1 + k 


[{l-x + k) n+1 (x + 1 + k) n+1 \ 


lim f (n) (x) = 0 . 

x —>0 


( 2 . 6 ) 



SHARP BOUNDS FOR GENERALIZED ELLIPTIC INTEGRALS OF THE FIRST KIND 5 


If n is odd, then 


f {n) (x) =n!^ 

k—Q 

oo 

= n! E 


(1 -x + k) n+1 (x + k) n+1 


(1 - x + k) n+1 (x + 1 + k) n+1 


lim / (n) (x) = 2n\J2 {k + l y = 2 « ! C(n). (2.7) 

Equations (2.4)-(2.7) implies that /(x) has the following Taylor series expansion 

OO 

/Or) = 1 + 2C(3)x 3 + 2C(5)x 5 + • • • = 1 + ^ 2((2fc + l)x 2fe+1 , x e (0,1). 

fe =i 

Therefore, (2.3) follows. □ 


Theorem 2.3. The function 


V(x) = 


tt / sin(-7rx) — R(x) 


,v ' x(l-x) 

is strictly decreasing from (0,1/2] onto [47r — 16 log2,7r 2 /6). 

Proof. Clearly (2.1) gives r?(l/2) = 4 tt — 161og2. Simple computations lead to 
_2,i ^cos^x) , ,1 , [ tt 


x 2 (l — x) Z T]\x) = — 


sin 2 (7rx) 


+ R'(x) x(l — x) — 


sin(7rx) 


- R(x)\ (1 - 2x), 


?/ 2 =°- 


Making use of the well-known formulas (see [1, p.75, 4.3.68] and [7, p.16 and 
P-56]) 

i i °°_ o2 k o 

-- = - + E -pfkfT \ B 2k\x 2k ~\ |x| < TT, 

smx x ^ \2k)\ 


fe+1 C(2fc)(2fc)! 

B2k ~ 2(_1) ( 2 7r) 2fc ’ 

where Bk is the Bernouli number, we can rewrite r](x) as 


V(x) = 


oo c\2k o 00 

E C(2fc)x 2fc - X] 2C(2 k + l)x 2fc+1 

ttx/ sin(7rx) — xR{x) k= l ^ k= 1 


x 2 (l — x) x 2 (l —x) 

00 a2fc+2 _ 9 °° 

E V-+1 C(2fc + 2)x 2fc - £ 2 C(2fc + 3)x 2fc+1 

_ k =0 _ fc—0 _ 

(1 - x) 

Therefore, ?7(0 + ) = 0(2) = 7r 2 /6 and 

(1 -x) 2 v'{x) 

" 00 92fc+2 _ o 00 

= E - 2 2 fc + i ( 2k ^ 2k + 2 ) a ' 2fc ~ 1 - E 2 ( 2 k + 1 )C(2fc + 3)x 2fc (1-x) 

_fe=l ^ fc=0 
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00 o2fc+2 _ 9 00 

+ E - 2 2 k+i C(2fc + 2)x 2k - J2 2C(2 k + 3)x 2k+1 

k—0 k—0 

00 o2fc+4 _ 9 00 

= E " 2 2fc +3 " ( 2k + 2 )C(2* + 4 )^ 2fe+1 - E 2(2* + 1 )C(2fc + 3)x 2fc 

fc=0 /c—0 

00 o2/c+4 9 00 

- E " 2 2 fc+ 3 (2fc + 2)C(2fc + 4)x 2fc+2 + E 2(2* + 1)<(2* + 3)x 2k+1 

k—0 k—0 

00 o2/c+2 _ 9 00 

+ E 2 2fc+i " C(2fc + 2)x2k ~ £ 2C(2* + 3)a- 2fc+1 

/c—0 

00 o2fc+2 _ 9 00 

= E - 2 2 k+i " C(2fc + 2)x 2fc + E 2(2* + 1)C(2* + 3)x 2k + 1 

k—0 k—0 

00 o2fc+4 _ 9 00 

+ E — 2 2fc+3—+ 2)C(2* + 4)x 2fe+1 — E 2(2 k + 1)C(2* + 3)x 2k 

k—0 k—0 

00 00 9 2fc+4 _ 9 

- E 2 C(2* + 3)a; 2fc+1 - E 22fc+3 ( 2fc + 2 )C(2* + 4)a; 2fe + 2 

k—0 k—0 

= ■ g(x). 


Differentiating g yields 


00 o2fc+2 9 00 

d'( x ) = 53 — 92 ^+ 1 —(2*)C(2* + 2 )a: 2fe 1 + E 2 ( 2 * + 1) 2 C(2* + 3)a: 2fe 

fc=1 fc=o 

00 o2/c+4 _ 9 

+ S 92 /C+ 3 — + 1)( 2 ^ + 2 )C(2& + 4)x 2k 
k= 0 

00 00 

- E 2 ( 2 fc)( 2 fc + l)C( 2 fc + 3)x 2fc_1 - E 2(2* + 1)C(2* + 3)x 2fc 

fc=l k—0 

00 92A-+4 _ 9 

- E < 2t + 2 > a C(M + 4 )»“ +1 

fc =0 

°°_ 9 2fc+4 _ 9 °°_ 9 2fc+4 _ 9 

= E - 9 2 fc+ 3 ( 2 * + 2 )C( 2 * + 4)a ; 2fc+1 - E 92fc+3 ( 2 * + 2 ) 2 C( 2 * + 4)x 2fc+1 


+ E 2(2* + 1) 2 C(2* + 3)a; 2fe - E 2 ( 2 fc + 1)C(2* + 3)a ; 2 

/c—0 fc—0 

00 92 /C +4 _ 9 

+ 92 / 0+3 + 2)C(2 k + 4)x 2/c 

k—0 

00 

- E 2(2* + 2)(2* + 3)C(2* + 5)x 2k+1 


00 2 2fc+4 _ 9 

= ^ E —o2fc+3—( 2 * + 1)(2* + 2)C(2* + 4)x 2fc+1 
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+ 2(2 k + 2) (2k + 3)C(2 k + 5)x 2k+2 

k =0 

00 9 2fc + 4 _ 9 

+ — 92 fc+ 3 —l)(2/c + 2)C(2fc + 4 )x 2/c 

fc—0 
oo 

- ^ 2(2 k + 2)(2k + 3)C(2fc + 5)a; 2fe+1 

k=0 

=(1 - x)gi(x), 


where 


°° o 2fc + 4 _2 

l( x ) = 9 2 fe +3 ( 2 ^ + l)(2fc + 2)C,(2k + 4)a; 2fc 


- ]T 2(2fc + 2)(2fc + 3)C(2fc + 5)a; 2fe+1 , a; e (0,1/2]. 


Note that 


7 O'! - °° o2fc+4 _ o 

PiM =nC( 4) + —C(6)a; 2 + ^ — 2k+ 3 —(2/c + l)(2fc + 2)C(2fc + A)x 2k 


- 12C(5)x - 40C(7)a; 3 - ^ 2(2 k + 2)(2 k + 3)C(2/c + 5)a; 2fc+1 

k—2 

127 °° 

>3.788 - 12.444a; + 23.653a; 2 - 40.334a; 3 + — ^(2 k + 1)(2 k + 2)a 


- 2C(9) ^(2fc + 2 )( 2fc + 3)^ 


>3.788 - 12.444a; + 23.653a; 2 - 40.334a; 3 + 1.984 


12a; 8 - 34a; 6 + 30a; 4 
(1 -x 2 ) 3 


- 2.005 


20a; 9 - 54a; 7 + 42a; 5 
(l-z 2 ) 3 


1000(1 -a; 2 ) 3 


[3788 - 12444a; + 12289a; 2 - 3002a; 3 - 75a; 4 - 540a; 5 


- 285a; 6 - 288a; 7 + 155a; 8 + 234a; 9 ]. (2.12) 

It is not difficult to verify that the polynomial function x —> 3788 — 12444a; + 
12289a; 2 - 3002a; 3 - 75a; 4 - 540a; 5 - 285a; 6 - 288a; 7 + 155a; 8 + 234a; 9 is strictly 
decreasing and positive on (0,1/2]. Therefore, g(x) is strictly increasing on (0,1/2], 
g(x) < 5(1/2) = 77'(l/2)/4 = 0 for x £ (0,1/2] and rj(x) is strictly decreasing on 
(0,1/2] follows from (2.8) and (2.9) together with (2.10)-(2.12). □ 

Corollary 2.4. The inequality 

7r „ sin( 7 ra;) — 7 rx(l — x) 

-1 > --—---- - 

R(x) sin(7rx) sin(7rx) [R(x) — 1] 

holds for all x £ (0,1/2]. 


(2.13) 
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Proof. We clearly see that inequality (2.13) is equivalent to 

7r[1 + x{\ — x)]i?(x) —7r — sin(7ra;)i?(a;) 2 ^ n 
*(1-*) > ° 
or 

R(x) sm(7rx)—- ) ' w - 7T-^> °- 

x(l — x) x(l — x) 

It follows from Lennna 2.1 and Theorem 2.3 together with the fact that x —> 
R(x)sin(nx) is strictly decreasing from (0,1/2] onto [41og2,7r) (see [15, Theorem 
2]) that 

. . 7r/sin(7rx) — R(x) 1 — x(l — x)R(x) 

R(X) Sin(TTX)---7-7T- - -r- 

x(\ — X) x{l — X) 

>4 log 2(4 tt - 16 log 2) - tt( 4 - 4 log 2) = (20 log 2 - 4 )tt - 64 log 2 2 = 0.236 • • • 
for x € (0,1/2]. □ 


Corollary 2.5. The inequality 


x(l — x) > 


7r — R(x) sin(7rx) 
R(x) sin(7ra.) 


holds for all x € (0,1/2]. 


Proof. It follows from Theorem 2.3 that 

. . . , 7r R(x\ sin(7rx) , . . r7r/ sin(7rx) — R(x) 

R(x) sin(Trx)- y —-—/-- > log 16 - sin(Trx) — - \ ' 

x(l — X) L x(l — X) 

2 2 

> log 16 — sin(7rx)— > log 16 — — = 1.127• • • > 0 

6 6 

for x £ (0,1/2]. Therefore, inequality (2.14) follows easily from (2.15). 


3. Proof of Theorem 1.1 

Lemma 3.1. (see [5, Theorem 1.25]) For — oo < a < b < oo, let f,g : [a, 6] —»• R 
be continuous on [a,b\, and be differentiable on (a,b), let g'{x) / 0 on (a, &). If 
f'(x)/g'(x) is increasing (decreasing) on ( a,b), then so are 

f(x) - /(a) f(x) - f{b) 

g{x) - g(a) g(x) - g{b) ' 

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also 
strict. 

Lemma 3.2. The inequality 

. , , 7TX(1 — X) r „ _ 

sm(7rx) > ---[2 + x(l — x)] (3.1) 


holds for all x £ (0,1/2]. 
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Proof. Let 

h(x) = sin(7rx) — —— [2 + x(l — x)\ . (3.2) 

Then simple computations lead to 

h( 0+) = 0, (3.3) 

h'{x) = 7r [cos(7rx) — (1 — 2x)(l + x — x 2 )\ , 

h\ 0+) = 0, ti Q) = 0, (3.4) 

h"{x) = it [—7rsin(7rx) + 1 + 6x — 6a: 2 )] , 

h"(0 + ) = 7r, h" = n (| - ^ < °> ( 3 - 5 ) 

h'”{x) = it [6 — 12a; — tt 2 cos(7rx)] , 
h"'{ 0+) = 6 - tt 2 < 0, h'" = 0, (3.6) 

h^\x) = 7T [—12 + 7T 3 sin(7rx)] , (3.7) 

/i (4) (0 + ) = —127r, = 7r (7T 3 — 12) > 0. (3.8) 


From (3.7) and (3.8) we clearly see that there exists Xo £ (0,1/2] such that 
h^\x) < 0 for x £ (0, xo) and h^ 4 \x) > 0 for x £ (xo, 1/2]. Thus h"'(x) is strictly 
decreasing on (0,xo] and strictly increasing on [xo, 1/2]. 

Equation (3.6) and the piecewise monotonicity of h"'(x) implies that h"'(x) < 0 
for x £ (0,1/2]. Hence h"(x) is strictly decreasing on (0,1/2]. Then (3.5) leads to 
the conclusion that there exists Xi £ (0,1/2] such that h'{x) is strictly increasing 
on (0,xi] and strictly decreasing on [xi, 1/2]. 

It follows from (3.3) and (3.4) together with the piecewise monotonicity of h'(x) 
that h(x) is strictly increasing on (0,1/2] and h(x) > h( 0 + ) = 0 for x £ (0,1/2]. 

Therefore, inequality (3.1) follows easily from (3.2) and h{x) > 0 for x £ (0,1/2]. 

□ 


Lemma 3.3. For a £ (0,1/2], defined the function F on (0,1) by 

r 4 sin(7ra) — 2a(l — a)r 2 r' 2 K, a + 2(1 — a)(r' 2 — r 2 )(£ a — r ,2 /C a ) 


F(r) = 


r / 2 r 4 


Then F(r) is strictly increasing from (0,1) onto (sin(7ra) — 7ra(l — a) — (7r/2)a 2 (l — 
a) 2 , a(l — a) sin(7ra)). 

Proof. Let F\(r) = sin(7ra) — 2a(l — a)r ,2 /C a /r 2 + 2(l — a)(r ,2 /r 2 — l)(£ a — r ,2 JC a )/r 2 , 
F 2 (r) = r' 2 . Then F(r) = F 1 (r)/F 2 (r), F\( 1) = F 2 ( 1) = 0, 


F[(r) = — 2o(l — a) 


—y/Ca + 


r' 2 2(1 - a) 


+ 2(1 — a) — 


2 \ 4 - r r2 K a 


r~ rr‘ 
,/2 


^(£ a - r'X) 


+ 2(1 — a) 


- 1 


2 ar 2 K a - 2(£ a - r' 2 /C a ) 


—4a(l — of-j- — 4a(l — a) 


2 £ a -r' 2 1C a 


-4(1-a) 


£ a ~ r ,2 IC a 


+ 4(1 — a){r' 2 — r 2 )- 


2 /C a - (£ a ~ r /2 /C a ) 
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F'(r) = —2r, 


F[{r) ^ / _ar2 /C a + [a(l - a)r 2 + l] (£ a - r' K a ) 

F^r)~ ( ~ a) { 7 

(r' 2 - r 2 ) [ar 2 /C a - (£ a - r ,2 /C a )] 


where 


on /sW 

= 2 7-a)-^~, 

Fz{r) = [2 - 2r 2 + a(l - a)r 2 ] ——- 2 ar ,2 JC a . 


(3.9) 


Making use of series expansion, we get 


J7, / fo , r n ^ ol 2] «(«)n(l - a)n 2n 0 2^ ( a )"0 - a )n 

W = {2 + [a(l - a) - 2]r } ^ (n+1) , n , r “ 2a(l - r ) ^^-r 


H 2 £ vvrvY 2 ” + [0(1 -«) - 2] f: 


n—0 
00 


-2£ 


(n + l)!n! 

(fl)n(l — a ) n r 2n 


n —0 


n=0 

(o)ra(l ~ a )n ^2n+2 
(n + 1 )!n! 


n—0 
00 


(n!) 2 


+ 2 E 


(o-)ri(l a )n 2n+2 

(? l !) 2 


_ I 2 V ( a )"+ 1 (-'- ~~ a )n+l 

~ I ^ (n + 2)!(n + 1)! ? 


n—0 

2n+2 + [a(1 _ a) _ 2 ] g (°?"(l~. ffl ! n r 2 " +2 


n —0 
00 


n—0 


(n + 1 )!n! 


_ 2 (a)n+l(l — Q)k+ 1 r 2n+2 


+ 2 ^2 ( a )”( 1 ~ a )» r 2n+2 


[(n + 1)!] 2 ' (n!) 

n=0 LV ' 1 n=0 v ' 

, [2 + a(l - a)] Y ( Q )" +l(1 :, q !" +1 ^ + 4 - 
1 JZ ^ (n + 3)!n! 


n—0 


From (3.9) and (3.10) one has 


^l( r ) r -1 \ ro , n M ( a )n+l(! — a )ri+l 2n 

Ft(r) L ^ (n + 3)!n! 

z v 7 n—0 x 7 


(3.10) 


(3.11) 


Therefore, the monotonicity of F(r) follows from Lemma 3.1 and (3.11). More¬ 
over, by l’Hoptial’s rule we get 

lim F(r) = a(l — a) sin(7ra), 

r— >-l - 


lim F(r) =sin(7ro) + lim 

r— >0+ r— >0+ 


2(1 - a){-r 2 ){£ a - r' 2 K. a ) 


+ lim 

r-s-0+ 


2(1 - a)r' 2 (£ a - r ,2 /C a ) - 2a(l - a)rV 2 /C a 


. , A 0 n on a( £a-r ,2 lC a ) - ar 2 ICa 

= sm(7ro) — 2(1 — a) -1- lim 2(1 —a)-- 

2 r->o+ r 4 

-2(1 - a)ar 2 (£ a - r' 2 /C a )/(rr' 2 ) 


= sin(7ra) — 7ra(l — a) + 2(1 — a) lim 

r-s-0+ 

= sin(7ra) — 7ra(l — a) — (7r/2)a 2 (l — o) 2 . □ 


4 r 3 
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Lemma 3.4. Let a £ (0,1/2], Ai = 
A 2 = 1 — [7ra(l — a)]/sin(7ra) — [7ra 2 (l 
function G\(-) be defined on (0,1) by 


Gx(r) 



[sin(7ra) — a( 1 — a)7r]/{sin(7ra)[l?(a) — 1]}, 
— a) 2 ]/[2sin(7ra)], (3 = a( 1 — a), and the 

r 2 sin(7ra) — 2(1 — a)(£ a — r' 2 /C a ) 

2A r 2 r’ 2 sin(7ra) 


Then the following statements are true: 

(1) G' x (r) > 0 for all r £ (0,1) if 0 < A < A 2 ; 

(2) G' x (r) < 0 for all r £ (0,1) if A > /?; 

(3) There exists ro £ (0,1) such that G' x (r) < 0 for r £ (0,ro) and G' x (r) > 0 
for r £ (ro, 1) if A 2 < A < /3. 

Moreover, 

( G A (0+) >0, 0 < A < Ai, 

\ G x ( 0+)=0, A = Ai, (3.12) 

{ G A (0+) <0, A > A! 


and 


G a (1 ) — + 00 , 

^ (1 ' ) = 1 - 24 ib) <0 ’ 

G a (1 ) = - 00 , 


0 < A < /3, 
A = 13, 

A >0. 


(3.13) 


Proof. It is apparent from Lemma 3.2 that A 2 > 0 for all a £ (0,1/2]. Therefore, 
parts (l)-(3) follows from Lemma 3.3 and the fact that 

f T \ 

r' 2 2Asin(7ra) 

[2r sin(7ra) — 4a(l — a)rJC a ]r 2 r' 2 — [r 2 sin(7ra) — 2(1 — a)(£ a — r' 2 K. a ))(2rr' 2 — 2r 3 ) 


r 

A r' 2 
r 

X? 2 


—A + 
—A + 


1 r 4 sin(7ra) — 2a(l — a)r 2 r ,2 /C a + 2(1 — a)(r' 2 — r 2 )(£ a — r' 2 K , a ) 


sin(7ra) 

1 


F(r) 


sin(7r a) 

where F is defined as in Lemma 3.3. 

Next, we calculate the limit values of G A (r) at 0 and 1. Simple computations 
lead to 


+ 1 R(a) | sin(7ra) — 2(1 — o)[(7ra)/2] 


g a (o + ) =— — 2 


2A sin(7ra) 


sin(7ra) [i?(a) — 1] / sin(7ro) — 7ro(l — 0 ) 

—A + 


2Asin(7ra) 
sin(7ra)[i?(o) — 1] 


sin(7ra) [l?(a) — 1] 


which implies (3.12). 
It follows from 


lim 


2Asin(7ra) 

IC a (r) 


(—A + Ai), 


r-> 1 - sin(7ra) 

in [17, p. 635, (2.26)] that 


log /r'^j = 0 


G A (1 ) =\ + lim 

Z r—> l - 


ICa 


sin(7ro) 


— \og(e R Gl/ 2 / r') 


lim 

1 ->-1“ 


r 2 sin(7ra) — sin(7ro) 


2 sin(7ra)Ar 2 r' 2 
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lim 

r— >-1“ 


1 i 

=-1- lim 

2 2A r—tl~ 


sin(7ra) - 2(1 - a)(£ a - r' 2 /C a ) _ /C a (r) 

2 sin(7ra)Ar 2 r' 2 sin(7ra)J 

sin(7ra) - 2(1 - a)(£ a - r /2 /C a ) _ /C a (r) 

sin(7ra) 


2sin(7ra)Ar 2 r' 2 

We divide the proof of (3.13) into two cases. 
Case 1X^/3. Then from (3.14) we have 


(3.14) 


Ga(1 } ~2 ^ 2A + r4“ 

i i 

= 2-2i + Ar 


-1 + 


sin(7ra) — 2(1 — a) (£ a — r ,2 IC a ) 1 


-1 + 


r ,2 /C a 

_ IC a (r) 

A J sin(7ra) 


2 A?’ 2 


ICgjr) 

sin(7ro) 


z(l — a) 


+ 00 , 0 < A < /?, 

— 00 , A > p. 

Case 2 A = /3. Then equation (3.14) leads to 


g P { i-)4- 1 


lim 


2 2o(l -a) r— >1 


sin(7ra) — 2(1 — a)(£ a — r ,2 /C a ) — 2a(l — a)r 2 r' 2 JC a 
2a(l — a)r 2 r' 2 sin(7ra) 


1 


1 


1 


lim 


sin(7ra) 
2(1-a) 


- (£ a - r' 2 /C a ) - ar 2 r' 2 JC 


-— - - — - ;~ — juuljl. 

2 2a(l — a) asin(7ra) r->i 

1 1 


2 2a(l — a) 


1 


lim 


— 2arK, a — 2 arr ,2 /C a + 2ar 3 K, a — 2a(l — a)r(£ a — r ,2 K, a ) 


asm(7ra) r-»i- 

1 1 1 


-2r 


+ ——r lim [2r ,2 /C a + (1 - a)(£ a - r ,2 /C a ) 

cinl 'rrn \ ™ ^i — L J 


“ - ~T~ T I . T T 11111 

2 2a(l — a) sm(7ra) r-> 1 - 

1 


=1 - 


2a(l — a) 


□ 


Proof of Theorem 1.1. Let 


Then simple computations lead to 

u. m+i — 


- /C Q (r)j AeR+. 

(3.15) 

-tt]/2, 

(3.16) 


(3.17) 


= 0 

x(r) = sin(7ra)(— 2Ar) log(e fl ^ a ^ 2 /r') + sin(7ro)(l + A r' 2 ) 
(£g - r ,2 ic a ) 


— 2(1 — a)- 

=2Ar sin(7ra)GA(r), 


„/2 


(3.18) 


where Ga is defined as in Lemma 3.4. 

We divide the proof of inequality (1.7) into two cases. 

Case I A = ao = 7r/[i?(a) sin(7ra)] — 1. Then equation (3.16) reduces to 

H a o (0+) = 0. 


(3.19) 
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From Corollaries 2.4 and 2.5 we know that /3 > ao > Ai, then (3.12) and (3.13) 
lead to the conclusion that G ao (0 + ) < 0 and G ao (l _ ) = +oo. Moreover, wether 
ao £ (0, A 2 ] or ao £ (A 2 , /3), it follows from part (1) or (3) in Lemma 3.4 that there 
exists 7 q £ (0,1) such that G Qo (r) < 0 for r £ (0, r-g) and G ao [r) > 0 for r £ (rg, 1). 
Hence, from (3.18) we clearly see that H ao (r) is strictly decreasing on (0,rg) and 
strictly increasing on (rg, 1). 

Equations (3.17) and (3.19) together with the piecewise monotonicity of H ao (r) 
lead to the conclusion that H ao (r) < 0 for all r £ (0,1). Therefore, the first 
inequality in (1.7) for a = a g follows easily from (3.15). 

Case II A = / 3 g = a(l — a). Then from (3.12), (3.13), Lemma 3.4(2) and the 
fact that /?o > Ai for all a £ (0,1/2] we know that Gp 0 {r) is strictly decreasing on 
(0,1), G/3 o (0 +) < 0 and Gp 0 {\~) < 0. Thus G/? 0 (r) < 0 for r £ (0,1). It follows 
from (3.17) and (3.18) that Hp 0 (r) is strictly decreasing on (0,1) and Hp 0 (r) > 
H/ 3 0 (l~) = 0 for r £ (0,1). Therefore, the second inequality in (1.7) for /3 = /3 0 
follows from (3.15). 

Finally, we prove that a = ag and (3 = fio are the best possible parameters such 
that inequality (1.7) holds for all a £ (0,1/2] and r £ (0,1). In fact, if A > ag, 
then from (3.16) we know that H\( 0 + ) > 0. Hence there exists ri £ (0,1) such 
that H\(r) > 0 for r £ (0,7*i). That is, 1 + Ar' 2 > K, a (r)/[s\n{^a) log(e R( ' a ^ 2 /r')] 
for r £ (0, ri). 

On the other hand, if 0 < A < /?o, then (3.13) and (3.18) imply that there exists 
r* £ (0,1) such that H' x (r ) > 0 for r £ (r*, 1). Thus H\(r) is strictly increasing on 
(r*, 1) and H\{r) < H\(l~) = 0. That is, 1 + Ar' 2 < /C a (r)/[sin(7ra) log (e R( - a ^ 2 /r')\ 
for r £ (r*, 1). □ 
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